
CEOI’2012 Day2, Task: network

Consider the directed graph G = (V,E) where V is the set of the nodes of the network and E is the direct
communication channels of the network. The following three properties hold for the graph G.

1. Each node is reachable from the central node r.

2. Every edge of the graph belongs to at most one simple cycle.

3. Each edge in any depth-first search (DFS) is either tree-edge or back-edge.

We are going to compute for each node x of a DFS tree T the following data:

• TRn[x] : the number of nodes in T that are reachable from node x in T .

• B[x] : the highest node in T which is reachable from x by tree edges and at most one back-edge.

• H[x] : the highest node in T which is reachable from x in G.

It is clear that the answer for the first subtask is TRn[H[x]] for each node x. We compute TRn[x] and B[x] by
the depth-first search DFS1. H[x] is computed by the second depth-first search DFS2.
In order to solve the second subtask observe that the requirement of the task is equivalent to the following: add
minimum number of new edges to the graph such that every edge will be contained in exactly one cycle.
Consider the graph G which is obtained from G by removing each edge that belongs to a cycle. It is clear that
G consists of one or more trees. Let K be the number of the leaves of the trees of G. It is obvious that the
minimum number of the necessary new edges is at least K. On the other hand, consider a (directed, rooted)
tree that has L leaves. Adding a new edge (u, r) where r is the root, and u is a leaf, and then for all other leaves
of this tree v add the new edge (v, w), where w is the least ancestor of v that is already contained in a cycle. By
this procedure we obtain a graph that satisfies the required property of the task. Therefore K is sufficient.
If the number of nodes of input graph G is n then G has at most 2 · (n− 1) edges, therefore the running time of
the algorithm is O(n).

Implementation

1 #inc lude <s td i o . h>
2 #inc lude <s t d l i b . h>
3 #de f i n e maxN 100001
4
5 us ing namespace std ;
6
7 typedef s t r u c t LLi s t {
8 i n t to ;
9 LLis t ∗next ;
10 } LLis t ;
11 typedef enum Pa le t ta {White , Gray , Black , Blue} Pa le t ta ;
12 LLis t ∗ G[maxN ] ;
13 i n t m, n , r ;
14 i n t inDeg [maxN ] ; //node in−degree
15 i n t outDeg [maxN ] ; //node out−degree
16 Pale t ta Color [maxN ] ; //DFS co l o r i n g
17 i n t Parent [maxN ] ; //DFS spanning t r e e r ep r e s en t a t i on
18 i n t B[maxN ] ; //B[ p ] i s the h ighe s t node in the DFS t r ee
19 // that i s reachab le from p by 1 or 0 back edge
20 i n t H[maxN ] ; //H[ p ] i s the h ighe s t node in the DFS t ree
21 // that i s reachab le from p
22 i n t TRn[maxN ] ; //# reachab le nodes in the DFS t r ee
23 i n t So l [maxN ] ; // s o l u t i o n edges : (p , So l [ p ] ) , So l [ p ] !=0
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24 void ReadIn ( ){
25 i n t p , q ;
26 LLis t ∗ pq ;
27 s can f ( "%d␣%d␣%d" , &n,&m,&r ) ;
28 f o r (p=1; p<=n ; p++){
29 Color [ p]=White ; G[ p]=NULL;
30 inDeg [ p ]=0; outDeg [ p ]=0;
31 Sol [ p ]=0;
32 }
33 f o r ( i n t i =1; i<=m; i++){
34 s can f ( "%d␣%d" , &p,&q ) ;
35 pq = new LLis t ;
36 pq−>to=q ; pq−>next=G[ p ] ;
37 G[ p]=pq ;
38 outDeg [ p]++; inDeg [ q]++;
39 }
40 }
41 void DFS1( i n t p){
42 Color [ p]=Gray ;
43 LLis t ∗ pq=G[ p ] ;
44 i n t q , rep=0;
45 B[ p]=p ;
46 whi le ( pq!=NULL){
47 q=pq−>to ;
48 i f ( Color [ q]==White ){
49 Parent [ q]=p ;
50 DFS1(q ) ;
51 i f (B[ q ] !=q && B[ q ] !=p) B[ p]=B[ q ] ;
52 rep+=TRn[ q ] ;
53 } e l s e i f ( Color [ q]==Gray ){ //p−>q back edge
54 B[ p]=q ;
55 i n t x=p ;
56 whi le ( x!=q){ //"removing" edges that are in the
57 inDeg [ x]−−; // cy c l e p~>q−>p
58 outDeg [ x]−−;
59 x=Parent [ x ] ;
60 }
61 inDeg [ x]−−; outDeg [ x]−−;
62 }
63 pq=pq−>next ;
64 }
65 TRn[ p]=1+rep ;
66 }//DFS1
67 void DFS2( i n t p){
68 Color [ p]=Black ;
69 LLis t ∗ pq=G[ p ] ;
70 i n t q ;
71 i f (B[ p]==p)
72 H[ p]=p ;
73 e l s e
74 H[ p]=H[B[ p ] ] ;
75 whi le ( pq!=NULL){
76 q=pq−>to ;
77 i f ( Color [ q]==Gray )
78 DFS2(q ) ;
79 pq=pq−>next ;
80 }
81 }//DFS2
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82 i n t main ( ) {
83 ReadIn ( ) ;
84 DFS1( r ) ;
85 DFS2( r ) ;
86
87 f o r ( i n t p=1;p<n ; p++)
88 p r i n t f ( "%d␣" ,TRn[H[ p ] ] ) ;
89 p r i n t f ( "%d\n" ,TRn[H[ n ] ] ) ;
90
91 i n t Soln=0;
92 f o r ( i n t p=1;p<=n ; p++) i f ( inDeg [ p]==1 && outDeg [ p]==0){
93 i n t x=p ;
94 do{
95 Color [ x]=Blue ;
96 x=Parent [ x ] ;
97 }whi le ( Color [ x]==Black && inDeg [ x ] !=0 ) ;
98 //x i s e i t h e r root o f a t r e e or conta ined in a cy c l e
99 Color [ x]=Blue ;
100 Sol [ p]=x ;
101 Soln++;
102 }
103 p r i n t f ( "%d\n" , Soln ) ;
104 f o r ( i n t i =1; i<=n ; i++) i f ( So l [ i ]>0)
105 p r i n t f ( "%d␣%d\n" , i , So l [ i ] ) ;
106
107 return 0 ;
108 }

3


